Electrical analogues of fracture, such as the fuse network model, are widely studied. However, the "analogy" between the electrical problem and the elastic problem is rarely established explicitly. Further, the fuse network is a discrete approximation to the continuous problem of fracture. It is rarely, if ever, shown that the discrete approximation indeed approaches its continuum limit. We establish both of these correspondences directly.
Introduction
The fuse network is a widely studied model of brittle fracture . It is claimed that a fuse network is a discrete approximation to the mode III problem of fracture in a linear elastic isotropic continuum. However, this claim is rarely established with any rigor. The fuse network has also been used as a discrete approximation to a conduction problem, where an inclusion with conductivity mismatch is embedded in a uniform medium. Here we establish both of these correspondences in a rigorous manner and show the behavior in some singular limits, such as those of a long sharp crack, and a long sharp inclusion.
The early work on fuse networks concentrated on the strength distribution of diluted fuse networks [29] [30] [31] [32] [33] , and was led by Duxbury and co-workers. The diluted fuse networks were weakly disordered; a small fraction of their fuses were removed in the beginning. Due to the small fraction, most of the removed fuses were isolated from each other. However, random statistical fluctuations lead to configurations where a contiguous row to fuses is removed. If the dilution probability is p, then the probability of having a contiguous row of n removed fuses is p n . Since there are L 2 lattice sites in a 2D square network of size L, therefore, the expected number of cracks of size n in the network scales as L 2 p n . Thus, one can find the expected length of the longest crack by setting L 2 p n ∼ 1 or n ∼ −2 log L/ log p. Since the 'stress concentration' at the tip of the crack scales as √ n, one can work out the expected strength of the network. A vast literature is devoted towards understanding the strength of such networks. Recently, the asymptotic behavior of the strength distribution has been studied in context of extreme value statistics [45, 62] . The more modern literature deals with the problem of distributed strengths, as in where the strength of each individual fuse is a random variable taken from a certain distribution. The effort on this front has been led by Zapperi and co-workers [92, 93, [101] [102] [103] [103] [104] [105] , and Hansen and co-workers [11, [36] [37] [38] [39] 41, 87, 87, 89] . The disorder in this problem can be made strong by choosing a distribution with a large variance, or a large spread of the values by having a broad spectrum (typically, P (X i < x) = x β , where X i is the strength of the i th fuse, and the distribution becomes broad in the limit of β → 0). This problem exhibits elements of scale-invariance, entangled with elements of first order nucleation [92] .
In the study of all of these problems it is necessary to understand the behavior of an isolated crack in the fuse network. While this problem has been studied and solved before, its hard to find the solution, and reproducing it is not a trivial exercise. Here we reproduce the solution to the problem of an elliptical inclusion of a mismatched conductance in an otherwise uniform infinite 2D medium. A sharp crack (or sharp needle) is obtained by taking the limit of a thin ellipse, and setting the conductance mismatch appropriately. Further, the lattice limit is approached by integrating the continuum solution over one lattice spacing.
Mathematical Preliminaries

Elliptical Coordinate System
The elliptical coordinate system is related to the Cartesian coordinate system by the following transformations
where c > 0 is a parameter. Setting
yields the ellipse x 2 /a 2 + y 2 /b 2 = 1 as the curve traced by (ξ 0 , η), where
Defining the aspect ratio of the ellipse as
one gets
Jacobian Matrix
The Jacobian matrix of the transformation defined by Eq. 2 is given by
and the determinant of the Jacobian is given by
Behavior Far From Origin
For r → ∞ the following approximations can be obtained
where x = r cos θ, y = r sin θ.
Behavior Near Tip Of Thin Ellipses
For thin ellipses n ≫ 1, therefore, Eq. 8 yields
Behavior Along Major Axis
Near the tip of a thin ellipse ξ ≪ 1, and, η = 0 along the major axis. Taking x = a + δb, y = 0, we get
Inverting the above yields
where the last approximation is valid since for n ≫ 1, c ≈ a. Thus, we have
Behavior Parallel To Minor Axis
Taking x = a, y = δb, we get
Solving the above in the limit of n ≫ 1, gives
Gradient
The general expression for the gradient is
where q i are the coordinates,q i are the unit vectors, and h i are defined as follows
where r = X kêk ,ê k being the Cartesian unit vectors. For the elliptical coordinates we have r = c cosh ξ cos ηê 1 + c sinh ξ sin ηê 2 .
Thus
where
General Solution For Elastic Elliptical Inclusion In Elastic Media
We consider a medium of conductance ǫ 1 , with an elliptical inclusion of conductance ǫ 2 . The inclusion is centered at the origin and has a major axis of length a, and a minor axis of length b. The major axis is oriented along the x-axis. The applied far-field voltage is V x x + V y y. We solve the problem in an elliptical coordinate system defined by
where c = (a 2 − b 2 ) 1/2 . The governing equation to be solved is the Laplace equation
where V in (ξ, η) is the voltage field inside the inclusion, and V out (ξ, η) is the voltage field outside the inclusion. The boundary conditions to be imposed are
The Laplace equation is invariant under a coordinate transformation from the Cartesian to the elliptical coordinates. One can use the method of separation of variables to obtain the following solution
Instead of deriving the above solution, we simply prove that it is a valid solution to the posed problem, and then appeal to the uniqueness of solution of Laplace equations. It is easy to see that the boundary condition given by Eq. 29 is satisfied by the proposed solution. The boundary condition given by Eq. 30 is satisfied since
Finally, the boundary condition given by Eq. 31 is satisfied since
Fracture
The voltage field for an elliptical crack in a conductive medium can be found by setting R = 0 in Eq. 33. It is also customary to set V x = 0, so that the applied field is perpendicular to the crack. Thus, for cracks we get
where the last equality follows from Eq. 7. By using Eq. 24 the gradient of the voltage field can be found to be
Lattice Limit
The current density in a continuous media is given by ǫ∇V , where ǫ is the conductivity of the media. However, the fuse networks are a lattice approximation to the continuous media, and thus to find the current in a fuse adjacent to a crack, one has to take an adequate lattice limit of Eq. 37. A straight 'crack' of length nβ in a fuse network comprises of a row of n burned fuses in a straight line, where β is one lattice constant. This crack can be approximated by an ellipse of length nβ and width β, thus, the aspect ratio of the ellipse is equal to n, the semi-major axis, a, is equal to nβ/2 and the semi-minor axis, b, is equal to β/2. To find the current in the bond adjacent to the crack one has to integrate the current density, ǫ∇V , over one lattice constant. We work in the limit of long, thin cracks, i.e. n ≫ 1. Taking η = 0 ahead of an elliptical crack, Eq. 37 yields
where, we have used ξ ≈ 2δ/n ≪ 1 ahead of a thin ellipse, with x = a + δb, y = 0, 0 < δ < 2. Thus, the current at the tip of crack of length n is given by
The above result shows that the current enhancement at the tip of a crack of length n in a fuse network is proportional to √ n.
Dielectric Breakdown
For the case of dielectric breakdown, the electric field is taken to be aligned with major axis of the elliptical inclusion. Thus, we set V y = 0 in Eq. 33 to get
One also need to take the limit of R → ∞ for a highly conductive inclusion, but we leave R finite for now. As before, taking the gradient of the above gives
2h 2 R − 1 R + n (cos 2η − e −2ξ )ê 1 + V x ace ξ0 2h 2 R − 1 R + n cos 2ηê 2 (40)
Lattice Limit
As before, we take the lattice limit by considering an ellipse of length nβ and width β, where β is the lattice constant. We find the tip current by integrating the current density perpendicular to the contour x = a, y = δb, −1 < δ < 1. By using Eq. 20 we get, along the contour,
Thus, the current at the tip of a conducting inclusion is given by
Thus, for R → ∞, the current enhancement at the tip of a conducting bolt is proportional to √ n; however, for any finite R, the current enhancement dies as (R − 1)/ √ n.
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